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ENERGY RATIO OF REFLECTED AND REFRACTED SEISMIC WAVES* 
By B. GUTENBERG 
§1. INTRODUCTION 
THE DISPLACEMENT D of a point at the surface of the earth produced by body waves 
originating at a distant source of elastic disturbance is given by 
d cos 
D = CTQ (F~F2 • • • ~''l',oa . (1) 
sm A cos io 
where C depends on the energy radiating from the source, T = period of arriving 
waves, Q = ratio of ground displacement to incident amplitude, F = ratio of trans- 
mitted or reflected energy to incident energy at each point where the wave has 
encountered a discontinuity in density or wave velocity or both, a gives the effect 
of absorption, ihand i0 are the angles of incidence of the wave at the source (depth h) 
and the point of arrival at the surface of the earth, respectively, and A is the angular 
distance between the source and the point of observation, i0, A and dA/dih depend 
only on the wave velocity along the path and on ih; Q is a function only of/o and of 
Poisson's ratio just below the surface of.the earth; the value of F at a given discon- 
tinuity depends on the angle of incidence there, the densities and the wave velocities 
on both sides of the discontinuity, and the type of wave--longitudinal (P) or trans- 
verse (SV in the plane of propagation or SH with vibrations perpendicular to the 
plane of propagation only).,~Thus, Q and F may be tabulated as a function of the 
angle of incidence i for any given discontinuity and type of waves. 
The purpose of the present paper is the investigation ofO corresponding tovarious 
values of Poisson's ratio, and of F under assumptions which represent conditions 
likely to occur at discontinuities between the crustal ayers of the earth. Some of the 
results may also be useful for Calculations of amplitudes in seismic prospecting. 
§ II. THEORY 
§ II a) General equat ions . - -The  first equations which permitted the calculation 
of the energy ratios F were given by Knott (1899). The factors A1/A ,  A ' /A ,  etc., 
used by Knott may be represented by the letter R. I Then, the relationship between 
R and F is given by 
F = R ~ ~ cot i2 
pl cot il (2) 
where p = density, i = angle of incidence~ subscript 1 refers to the incident wave, 
and subscript 2 to the reflected or refracted wave as the case may be. For the 
reflected waves, p2 = pI. 
Equations for the calculation of the amplitude ratios A of the reflected or re- 
fracted to the incident waves were developed by Zoeppritz in 1907 and published 
* Manuscript received for publication June 30, 1943. 
Knott's tabulated and plotted results refer to F and not to R. 
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S = transverse wave 
SH = component perpendicular toit. 
Reflected Transmitted 
P S P S 
Square root of energy ratio F c d e f 
Angle of incidence ~ /S n ~- 
Velocity Va vl V2 v2 
Density in medium pl m 
Rigidity in medium m m 
Poisson's ratio in medium ~a ~2 
J = x/pa/p~ 
V~ Ira v2 v2 p V2 . . . . . .  r s = --  ~ nq t = pq 
n Va q va P va VI q v~ 
eleven years after his death (Zoeppritz, 1919). The relationship between A and F 
is given by 
F = A 2 m sin 2 i2 (3) 
pl sin 2 il 
Both sets of equations, those of Knot t  and those of Zoeppritz as well, have been 
used and reproduced repeatedly. Unfortunately,  misprints are not infrequent. 2 
Further contributions to the theory have been published; for example, by  Jeffreys 
(1926), Blut (1932), Muskat  (1938), Dix (1939), Joos and Teltow (1939), Muskat  
and Meres (1940), Ott (1942). An excellent summary of the fundamental  papers, 
with a discussion of the relations between some of the equations and quantities used, 
was given by Macelwane (1936, pp. 147-179). For certain purposes, the use of the 
Zoeppritz equations is preferable; some consider the Knot t  equations as less tedious 
to work with. The author, in special instances, has used with advantage quations 
giving directly the square roots of the energy ratios F of the reflected or refracted 
to the incident energy, which are to be used in the evaluation of amplitudes from 
equation (1). At first glance, these equations appear to be more complicated than 
those of Knot t  or Zoeppritz, but  it must  be considered that  they give directly the 
desired quantities, while to each value resulting from the equations of Knot t  or 
Zoeppritz equations (2) and (3), respectively, must be applied to find the quantities 
needed. 
Throughout  the present paper the following symbols are used: 
P = longitudinal wave 
SV = component ofS in the plane of propagation 
The following are fundamental  equations: 
zl = 1 q2_  , similarly a2 
s ina :s in~:s inv :s in~=Vl :V l :  V2:v2 (4b) 
c 2+42+e 2+f2= 1 (4c) 
I f  a P wave is incident, the square roots of the energy ratios are given by 
l+c+Id - j Je+jK f  = 0 (5a) 
" 2 For example in Gutenber~ (1932), p 45, the last term in the third and fourth equations of the 
group (115) shol~ld contain the angle 2i2 in the last terms (not i2); on p. 52, the last term of the last 
equation in (142) should contain the factor V~/% (not ~2/~1); in Macelwane (1936), p. 169, equa- 
tion (7.66), the same misprint occurs in the term with E (center of the line). However, in Maeel- 
wane (1933), p. 117, the corresponding equation in (5) is correct. In Byerly (1942), p. 167, equation 
(62), one factor, P2/Pl, should be omitted in the last term. 
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- Je  J f=o  i - - c+ d J - -~  (5b) 
p2 
- l+c+Ld+_Me- -~Qf  = 0 (5e) 
2 3 
-1 -  c +- :d  + l jNe  + r R f  ! . . -- 0 
L Y 3 
(5d) 
Similarly for an incident SV-wave 
- l+d- Ic  
[ . I  
- j - ' f - -3 -e  = 0 (6a) 
K J 
1 K J 
1 + d + ~c + j - i f -  j~e  = 0 (6b) 
p'~K l + d - Lc +- -  f + S_ Ue =0 (6e) 
2 Y 
1 1 I p2N 
-1  +d+-c  - -  - -N f  +--:- - -e  = 0 (6d) 
L jK  3s U 
In both groups of equations 
I V/cot fl tanf;  (7a) I = X/cot a cot f~; J = X/C0t a tan n; K = X/cot a cot f; ~. = 
cot2/~cos2fl cot 2 f~-1 .  M= cosn cos2f  
L = q , s i~a  = 2I  ' ~] c-~s a ; N -  cos2•" (7b) 
~/.cot 2f cos 2f ~/sin 2~ sin 2a cos 2f (7c) 
Q = ~ ~ ; R= cos2~ ; U= ~¢/sin2flsin27 
If an SH wave is incident, there is only a reflected and possibly a transmitted 
SH wave. The square roots of their energy ratios are given by 
d l -H  2 -- 
1 + H f = 1+ H x/~r  (8) 
where 
H - my2 cos f _ m sin 2f _ ~2 cot f (9) 
ply1 cos ~ m sin 2~ m cot/~ 
In the preceding equations, the plus sign in connection with a longitudinal wave 
corresponds to a movement in the direction from the medium of the incident wave to 
the medium of the transmitted wave. In the refracted P waves, the plus sign indi- 
cates that an arriving compression is transmitted as a compression or that a dilata- 
tion continues as a dilatation; a change in sign corresponds to a change from com- 
pression to dilatation and vice versa. In the reflected P waves, the minus sign 
indicates no change, the plus sign that the reflected wave starts with a dilatation if 
the arriving wave begins with a compression, and vice versa. In the transverse waves 
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no generally adopted rule exists. Different usage of the plus and minus signs may be 
found even in two papers by the same author. Of course, the same rule should be 
used throughout. A change in sign with increasing angle of incidence usually indi- 
cates that the amplitude passes through zero. 
All equations for the calculation of energ3r or amplitudes mentioned thus far are 
based on certain simplifications, especially the assumption of plane waves. In 
general, the results of the calculations are in good agreement with the observations. 
However, for a wave which travels almost tangent o the discontinuity (angle of 
incidence near 90 ° ) and in the medium with the higher velocity, the calculated energy 
may be much too small. (Joos and Teltow, 1939, Oft, 1942; see also Muskat, 1938, 
Dix, 1939.) 
Results for special cases may be found easily from the equations. For example, for: 
1) a=0,  f i=0 .  
P wave incident d = 0, f = 0, 
SV wave incident} 
SIt wave incident 
2) a = 90 ° 
P wave incident 
SV wave incident 
3) ~ = 90 ° 
c = O, e = O, 
n _ j2  2 j r / ;  
c - e -- (10) 
n +j~ n +j~ 
d p _ j2 2 jv /~ 
/ = - (11) 
p ÷j~ p -b j  2 
d = O, e = O, f = O, c = -1  
c = 0, for othersuse (6). 
SV or SH wave incident c=0,  e=0,  f=0,  ldl =1 
In general, if the angle of incidence of the arriving wave is 90 °, all the energy goes 
into the reflected wave of the same type; if any other angle of incidence is 90 ° , the 
calculated energy of the corresponding wave is zero. 
§ I I  b) Equations assuming equal velocities on both sides of discontin~ity.--Usually 
the density as well as the elastic constants of a crystalline material are greater than 
those of the same material at a temperature above its melting point. Although 
experimental data for the rocks at the depth in the interior of the earth where this 
melting point is reached are completely lacking, we must consider the possibility 
that the ratio of the two densities is about equal to that of the elastic constants and 
that the change in wave velocity .between the two states is small as first pointed out 
by Daly. For this reason the special equations are of interest which result from equa- 
tions (5-11), if n = p = 1, a = 7, fl = ~. 
If a P wave is incident, we find now 
1 --[- c + Id - je + j / f  = 0 (12a) 
1 J 0 (12b) 1-  c -b id  - je - ~f  = 
_ l~_c_bLd÷l  L f  = - e 0 (12c) 
J J 
] _d+l  1 - e - I -  f = 0 (12d) 
-- l -- C -6 L 3 -f L 
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The equations corresponding to (6a-6d) for an incident SV  wave are, in our special 
case, as follows: 
1 - d q- Ic -4-jf-4-jle = 0 (13a)  
1 +d- -b lc -b j f - J -e  = 0 (lab) 
I I 
--1 d q- Lc l_.f L . . . .  e = 0 (13c) 
3 3 
- l+d+ 1 ± - c e = 0 (13d) 
L 3 jL  
Except for the sign of the transverse waves and the interchange of c with d and 
of f with e, equations (12) and (13) are the same, indicating that the distribution 
of energy is similar. From equations (13) the following ratios of the square roots of 
the energies for incident SV waves may be derived: 
J 
e I "  -- L"  
(13e) 
j I ' L"  ~- 1 I"L'  
d _ 1 j (13f) 
e 2 I "  -- L"  
where 
1-~ -1-. I L+ I 
1 (cot" fl • 1) (13g) f -  J I L+ l  =5 
e 1 _1  I - L  
J 
I ' = I+ l / I ;  L' = L -F1 /L ;  
F '= I - -1 / I ;  L "=L-1 /L  
(13h) 
Similar equations hold if a P wave is incident. 
If the square roots of the energy ratios for a wave incident in one medium are c, d, 
e, f, and those for a wave incident in the other medium are C, D, E, F, for the same 
angle of incidence, then in our special case the following equations result for an 
incident SV wave: 
c j2I' -4- L I e 
C j2LI --b F ; E 
d _ j2FL" -~ I"L'  f 
D j2["L' "-b I 'L" ' F 
- - -1  
-1  
(14) 
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and similar equations, with exchanged symbols as stated in connection with equa- 
tions (13a) to (13d) if a P wave is incident. For I ', I ' ,  L', L "  see (13h). Under both 
conditions, the energies of the refracted waves are the same for waves incident on 
either side of the discontinuity at the same angle, but  in general the distr ibution of 
the remaining energy between the two reflected waves differs. For  a given angle of 
incidence, I and L depend on Poisson's ratio only. j2 is the ratio of the densities. 
I f  j = 1, c = C, d = D. I f  j increases, the differences between c and C and also 
between d and D increase, approaching the ratio of the factors of j2 respectively for 
very large values of ft. 
I f  in our special case an SH wave is incident, equation (9) becomes 
H - 02 _ ~2 
Pl #1 
and equation (8) may be written 
d - m - p2 _ ~1 - -  ~2 - - j2  _ 1 f _ 2~/-~p2 _ 2~¢/u--~2 _ 2j (15) 
Pi ~- P2 ~1 -t- U2 j~ + 1 pi ~- p~ #i + ~2 j2 -t- 1 
The energy distr ibution between the refracted and reflected SH waves does not 
depend on the angle of incidence, but  only on the ratio of the densities or coefficients 
of rigidity above and below the discontinuity, f is always posit ive; d is posit ive if 
the wave arrives f rom the side of greater density, otherwise d is negative. 
Results for special eases: 
1) a=O,  8=0 
1 - f i  2 j  (16)  P wave incident d = 0, f = 0, c - e - 
1 + j2 '  1 +j2  
2 - 1 2o" 
SV or SH wave incident c = 0, e = 0, d f - (17) 
j2 + 1 ' 1 + j~ 
While in the SV wave the values of the energy ratios change with the angle of inci- 
dence, the values for the SH waves remain the same as for ¢~ = 0. 
2) a = 90 ° 
P wave incident c = -1 ,  d=e=f=0 
SV wave incident d = 1, c = e = f = 0 
3) ~ = 45 °. I f  Poisson's ratio is positive, sin a > 1, there can be no incident 
P wave. For  an SV wave incident, the energy ratios again are given by (17). Note  
that  in these special eases the energy distr ibution is the same, except for the sign, 
whether the incident wave arrives from the side of the greater or the smaller density. 
The calculations how that  the value of c passes through zero for an incident P 
wave, and similarly d if an SV wave is incident. For  c = 0, equations (12) lead to 
I "d  -[- j F f  = 0 L"d  - L ' f / j  = 0 (using 13h) (18) 
I f f  = 0, I "  and L"  must  be 0, I = 1 and L = 1, which requires a = 60 °, ¢~ = 30 °, 
q = X/~, ~ = _1. Thus, if ~ = 1,  and for that  value of Poisson's ratio only, the re- 
4 
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fleeted longitudinal wave ,and the refracted transverse wave are simultaneously 
zero, if a longitudinal wave arrives at an angle of incidence of 60 °, regardless of th~ 
ratio of the densities. The energy ratios are, in this special case: 
f - 1 23' c = 0, d - e - f = 0 (19) 
f+ l '  f+ l '  
Note the similarity with (16). If an SV wave is incident with f~ = 30 °, we have, 
similarly, 
c -  f -1  d---O, e=O,  f=  _ 23" (20) 
f -k  l ' f -4 -1  
In both instances the absolute values are the same, whether the wave arrives in the 
medium with the smaller or in that with the larger density. 
If Foisson's ratio is not 1/4, the system (18) gives a relation between I and L, 
or between a and ~. For a given value of Poisson's ratio, all quantities involved are 
theoretically determined. 
§ I I  e) Equations referring to the surface of the earth.--If the discontinuity at 
which the waves arrive is the surface of the earth, j is infinite, and n, p, r, s, t, e, 
and f are zero. In the various systems of four equations the first two are fulfilled, 
and from the third and fourth we find for a 
P wave incident 
1 -L  2 
c - - -  d - - -  
I+L  2 
SY wave incident 
1 - -L  2 
d= 
i -~-L  2 
SH wave incident 
d=l  
2L 
L2+ 1 
(21) 
2L 
c - - -  (22) 
L2+ 1 
(23) 
The equations (21) and (22) are similar to several special equations which we have 
found previously. For comparison with Wieehert (1907) note that his symbol m 
corresponds toour L 2. 
Results for special cases: For an incident P wave and a = 0* or 90 °, L = infinite, 
c = - I, d = 0. SimiIarIy, if f~ -- 0 or 90 ° in an incident SV wave, d= 1, c = O. In 
both instances, the reflected wave of the sazne type decreases with increasing angle 
of incidence, reaches a minimum (with a maximum for the reflected wave of the 
other type), and increases again with the angle of incidence approaching 90 ° . 
Jeffreys (1926, p. 326) has pointed out that for relatively large values of Poisson's 
ratio the amplitudes of the reflected waves of the same type never reach zero, but 
that they pass twice through zero for Poisson's ratio near 1/4. Generally the value 
zero is reached for L = 1. For a given value of Poisson's ratio, equation (4a) 
furnishes the corresponding value of q. Replacing the value of sin 2a in equation 
(7b) for L by sin f~, using (4b), the condition L = 1 gives 
x 4 -- 4x ~ -[- (6 -- y)x ~ -k (12 -- y)x -k 1 = 0 (24a) 
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Removing the root x = - 1, which has no meaning in our. problem, 
x 3 - 5x 2 + (11 -- y)x -}- 1 = 0 (24b) 
where 
y = 16/q 2 x = cot 2 ~* (25) 
/3* = angle of incidence of SV for which the reflected wave of the same type vanishes. 
The corresponding a* for P incident is given by (4b). The maximum value z* of 
Poisson's ratio for which the reflected wave reaches zero corresponds to an angle ~* 
such that z = cot 2/3* is a double root of equation (24b). Considering that in (24b) 
the constant term is 1, z must be a solution of 
(x - z)~ z + ~; = 0 (26) 
Comparing the coefficients of x 2 and x in equations (24b) and (26), one finds 
2z ~-  5z 2 -1  =0 (27a) 
y = 11 + _2 _ z2 (27b) 
Z 
The real solution in which we are interested is z = 2.5754, with fl* = 31 ° 55' 42", 
a* = 68 ° 51' 24 r/, q = 1.76366, z* = 0.2631. 
Besides the energy distribution in waves reflected at the surface of the earth, the 
displacements caused by them are of importance in our problem. In equation (1) 
the ratio of the total displacement to the arriving wave amplitude is indicated by the 
letter Q. We introduce now the three components of Q: u horizontal in the plane of 
propagation, v horizontal perpendicular to u, w vertical. To simplify the equations, 
the ratio of the ground displacement to the incident amplitude is indicated by a 
single letter (instead of the usual symbols u/A ,  etc.) Using the equations given by 
Wiechert (1907), we have 
P wave incident 
COS /3 
u = G- - ;  
cos 2/3 
where 
G cos /3  
v=0;  w= - G ~  (28) 
2 sin fl sin 2/3 
2 
G = - q - -  cot 2/3 (29) 
L2+ 1 
q = ratio of velocities (longitudinal to transverse) as before, L as in (7b). 
SV wave incident 
u = W 
where 
SH wave incident 
sin a - -  (30) ; v=0;  w=W cosa 
2 sin 2/3 cos 2/3 
W = _ 1 2L2 tan 2/3 (31) 
q L2-[ - ] 
u=0;  v =2;  w =0 (32) 
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In the case of an incident SV wave, sin a may become greater than 1; the equa- 
tions may then be used with complex quantities. The following equations consider 
this process (for details see Wieehert, 1907, p. 457; Jeffreys, 1926, p. 328). 
X = q2 sin 2 8 - 1 Y = q cos ~ cot 2 28 (33) 
Z = 1/sin fl%/y2 ~_ X (34) 
u = YZtan28 w = Z ~/~ (35) 
Special cases: 
1) a=0,  8=0.  
P wave incident u = 0 w = 2 (36) 
SV wave incident u = 2 w = 0 (37) 
2) 8 = 22~ ° 
P wave incident u = w (38) 
3) a = 90 ° 
P wave incident u = w = 0 (39) 
8 = 90 °, 
SV wave incident u = w = 0 (393) 
4) a = 90 °, 
~i- 1 
2 cos 8 
SV wave incident u=- - - -  .; w=0 (40) 
cos 28 1 1 
2 q2 
This gives for u, if an SV wave is incident at an angle 8 corresponding to a = 90 °, 
the following large values: 
q (velocity ratio) . . . . . .  V/2 
Poisson's ratio . . . . . . . .  0.000 
"~ . . . . . . . . . . . . . . . . . . .  co 
5) 8 = 45 °. 
SV wave incident 
~/~ v~ v~ v~5 co 
0.167 0.250 0.333 0.375 0.500 
9.165 4.842 3.464 2.981 2.000 
u = 0; ~o = ~ (41) 
§ I I I .  CALCULATED VALUES 
§ I I I  a) General cases.--There are three groups of discontinuities in the earth for 
which the knowledge of the energy distribution is required for the study of wave 
amplitudes. The first contains the boundaries between the layers of the earth's crust; 
the second, the hypothetical transitions from crystalline to amorphous material 
at a temperature above the melting point; and the third, the boundary of the core 
and possible discontinuities inside the core involving at least one layer with very 
small rigidity so that transverse waves in such a layer may be neglected. We will 
not consider this last group here. The study of shocks in California indicates that the 
ground displacements in the transverse waves are usually between five and ten 
times those in the longitudinal waves. Consequently, a reflection from an S wave 
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produced by an earthquake may lead to transformed P waves with amplitudes of 
the same order of magnitude as those in the direct P waves if the square root of the 
ratio of the energy in a transformed wave (SV into P) to that in the incident SV 
wave is only O. 1. Thus, such transformed waves cannot be neglected, and studies in 
which these waves were not considered are likely to lead to incorrect conclusions in 
our problem. In artificial explosions the energy of the S waves is relatively smaller, 
and a much larger fraction of an original S wave must be transformed into a longi- 
tudinal wave to produce a similar effect. However, it must be considered that in 
seismic prospecting the direct P waves are usually recorded only with a small frac- 
tion of the sensitivity used in the recording of the reflected waves, and waves trans- 
formed from P into S may be large enough under favorable circumstances to produce 
phases with amplitudes of the same order of magnitude as those of late longitudinal 
waves .  
TABLE 1 
SOURCES FOR POINTS USED IN FIGURES 1 AND 2 
Curve P incident 
Slichter-Gabriel case 1 
Blur 
Knott 
Slichter-Gabriel case 2 
SV incident from 
Above Below 
Nordquist, Richter Slichter-Gabriel 
Fu, Silgado Ergin 
Knott Knott 
Slichter-Gabriel case 2 
SH incident 
Nordquist 
Nordquist 
Gutenberg 
Nordquist 
The investigations which contain data useful for our purpose are those of Knott  
(1899), Jeffreys (1926), Blut (1932), Slichter and Gabriel (1938), and Muskat and 
Meres (1940). Except for SH, the last-named contains data for small angles of 
incidence only, not exceeding 30 ¢ for incident P waves and 17 e for SV waves. The 
other authors considered only P or SV waves. Points of the missing curves were 
calculated by Dr. C. F. Richter and Mr. J. M. Nordquist of the Seismological 
Laboratory and by the author (all to 5 places), and by Messrs. K. Ergin, C. Y. Fu, 
and E. Silgado, graduate students in Geophysics at the California Institute of Tech- 
nology, by use of a slide rule. 3 As the calculations are tedious, only a limited number 
of points has been calculated for the new curves (table 2) as well as those available 
in the literature. Consequently, the curves reproduced in figures 1 and 2 may be 
inaccurate in details, especially figure 2, c and g. One or the other irregularity plotted 
in the figures may be due to errors in calculations 4 or rounding off, and others may 
be missing entirely. Equation (4c) offers a check on the results, but usually one or 
more of the figures involved are so small that errors affect only the third or fourth 
decimal of the sum of the squares. In genergl it is unlikely that the deviations of the 
curves from the correct values are significant for their use in the calculation of 
amplitude_ss. 
3 The author is very grateful to those mentioned who have participated in the calculations, to 
Mr. H. O. Wood (as in many previous instances) and to Dr. C. F. Richter for suggestions in revis- 
ing the manuscript, and to Mr. John M. Nordquist for drafting the figures. 
4 Several misprints and errors in the values given by Knott have been corrected, but others are 
suspected. The somewhat unusual assumptions made by Knott did not justify the recalculation 
of all values. 
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Four sets of assumptions are used to plot the square roots of the energy ratios in 
figures 1 (reflected and transmitted waves of the same type) and 2 (waves with 
change from P to SV and vice versa). The sources for the points used may be found 
in table 1. In addition, a few points were calculated by the author, and the results 
for special cases discussed in the section on theory were used. Figure 2 leaves no 
doubt that in earthquakes (but very rarely in artificial explosions) waves trans- 
formed from SV into P under favorable conditions may have about he same ampli- 
tudes as the direct P waves. The refracted waves of the same kind as the incident 
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Fig. 1. Square roots of ratio reflected or t ransmit ted to incident energy as function of angle of 
incidence, i, if no change in wave type occurs. Subscript "1"  refers to upper, subscript "2"  to 
lower, medium. Other symbols are indicated in the figure. 
waves do not lose an appreciable amount of energy in passing discontinuities xcept 
for certain conditions uch as near-grazing incidence of the refracted waves. It is 
intended to discuss in a future paper applications of figures 1 to 3 and of equation 
(1) to the crustal layers. 
§ I I I  b). Distribution of energy for waves arriving at a discontinuity with no change 
in velocities.--Calculations forthe conditions which have been treated theoretically 
in section II b, have been carried out by Jeffreys (1926, p. 332) on the assumption 
that the ratio of the densities i  0.4. His results are of interest mainly for a study 
of the behavior of the energy ratios as a function of the angle of incidence. Values 
for density ratios 0.7, 0.8, 0.9, 1.1, 1.2, and 1.3 have been given by Muskat and 
Meres (1940, columns ~ = 1.00), but only for the small angles of incidence men- 
tioned in section I I Ia.  
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From the theory, it follows that except for the signs the distribution of energy is 
the same for incident P and SV waves if one compares refracted waves of the same 
kind, refracted transformed waves, etc. ; from equations (14) the results may be 
found for waves incident from one side if they are known for incidence from the 
o ) p= V_.~i vj 
p~ vl v, .'"". , , , , , , , j I v  
i 1.0311 1,07 1,07 / 
t - - - - i .O l  ,.10 l.O9 1 / 
i \ , - . - , .oo  ,.,~ ,.,o / I "~ 
. - - - , ,o , , . , . . ,  : . . ._ . ,~ 
L.4 
'2 
%| 
e) 
s v ~ , p  {'. 
t ~-~ 
/ .~- -~.~ I. 
0 ° ip  ~ ZO*  40  ° 60  Q 80  ° - 0 ° iSV  ~ 20"  40  ° 
~, ,  ¢; , \ ,  i i ,~7 L . \ 
+ z:> \ , , \  t ' t  t : , " , /  
/ .-~" \ ' - -  / / " I \ ,  
i s -  .Z,' 't 
;>  ~ _. ~.1/7 :> ~ I, 
. ~ . . t . ! , I I "~ t " ' ' I 
c) 
_ -  _ _ -=  . . . . . .  - : .T r , , , ,  , l  'l g' . . . . .  - ,  SV~P 
r . -  ~ i - - -~- -~._  - .  .k ~ 1 I . :~ .~-  ..... -.--, 
I , , , i~"  ~ ~'~" ~ ~ ~ \1  I g4::.::, . . . . . . . . . . . . . . . . . . . .  "~ ". 
~ ,L~.~-'~. . : , ~ - X l  o l,:'~':: , : "~ ~ 
O" Ip ,--~ 20" 40 ° 60c' 80 ° 0 ° I sv  ~ 20"  40" 
, o , I • I , o_  & .3 , I I / 
d)  _ - I . . . . - - .7 \  I I h)  ""~ sv 
t 
,2, - l z  i2 . - - "  \ , l ,  I~1~ '>" -~ N' ~ ,-~' 
Fig. 2. Square root of ratio reflected or transmitted to incident energy as function of angle of 
incidence i, if incident and reflected or transmitted wave are of different ype. Symbols as in 
figure 1. 
other. Consequently, detailed calculations have to be made for one kind of incident 
waves and for one direction (from smaller to greater density or vice versa) only. 
Table 3 contains the results calculated by the author to 5 places for incident SV 
waves for transition from a layer with higher density to one with lower (ratio 1.1 
to 1) and assuming Poisson's ratio z = 1/4. The figures have not been plotted since 
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TABLE 2 
CALCULATED VALUES OF SQUARE I~OOTS OF ENERGY ]:~ATIOS 
(For explanation of symbols ee section I I  a) 
a) SV incident from above, curve 1; for assumptions see figures 1 and 2. 
97 
0 ° 00' 
20 00 
29 00 
30 00 
31 00 
32 00 
33 01.5 
34 00 
35 39.2 
37 00 
45 00 
60 00 
65 00 
69 06.8 
0 ° 00' 
35 55.5 
56 16.7 
59 04.2 
62 04.8 
0 ° 00' 
21 28.3 
31 15.5 
32 21.3 
33 27 2 
0 ° 00' 
38 52 3 
62 49 
66 33.2 
70 54 8 
-0  02 
--0,01 
+0.02 
0.03 
0.03 
0.000 
-0,045 
--0.017 
--0.010 
+0.002 
-0  9997 
-0 .99  
-0  997 
--0 99 
--0 996 
65 23 1 
69 13.7 
73 27.6 
90 O0 
34 33 3 
35 41 
36 45.9 
38 36 
40 06 
49 11 
67 57.8 
75 52.3 
90 O0 
76 29.4 
90 00.0 
0 04 
tO.  05 
tO.  05 
tO  O5 
0.06 
0.09 
0 09 
0 08 
1 O0 
0 02 -0  996 
0.10 -0  99 
0.11 -0 .99  
0.00 -0  998 
. . . .  -0 .998 . . . . .  
-0 .99  
-0 .99  
• . .  -0 .99  
0.00 
0.00 
0.05 
0.07 
0.07 
0.08 
0.08 
0.00 
b) SV incident from above, curve 2; for assumptions see figure 1. 
0 ° O0 r 
20 O0 
29 O0 
30 30 
31 45 
34 42 
45 O0 
60 O0 
66 46 
0 ° 00' 
36 18 
56 56 
61 21 
65 30 
90 00 
0 ° 00' 
21 34 
31 28 
33 03 
34 57 
38 18 
49 28 
68 45 
90 00 
0 ° 00' 
40 32 
67 13 
74 51 
90 00 
--0 09 
-0 .04  
t0 .02  
O. 03 
0.07 
0.07 
0 12 
0.12 
1 O0 
0.00 
-0 .06  
-0 .04  
-0 .02  
+0.08 
O. O0 
--0.99 
--0.99 
--0.99 
--0.99 
-0  99 
--0 99 
--0.99 
--0.99 
0 O0 
0.00 
0.04 
0.07 
0.08 
0.00 
c) SV incident f rom below, curve 2; same assumptions as for b). 
0?0 
24.2 
34.7 
38.8 
45 0 
65.0 
85, 0 
90 0 
070 
45 0 
90.0 
0?0 
22.5 
31 3 
35 2 
40 5 
57 0 
67 0 
66.8 
070 
40 5 
65.5 
90.0 
tO.  08 
t0 .01  
-0 .07  
-0  07 
-0 .11 
-0  16 
-0  41 
-1  O0 
0.00 
0.06 
0.00 
-0 .99  
-0 .99  
-0 .99  
-0 .99  
-0 .99  
-0 .99  
-0  92 
0 O0 
0.00 
--0.07 
-0 .10  
-0 .00  
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TABLE 2--Continued 
d) SIt incident. For incidence from above, 2 is the angle of incidence; for incidence from below, 
is to be used and the signs of d are to be changed. All values o f f  are 
negative. For assumptions, ee figure 1. 
1,2,4 
070 
11 3 
26.6 
:33.7 
~5 0 
53 1 
53.4 
76 0 
34,3 
35.7 
37.1 
20.0 
Curve 1 
# d 
070 -0  06 
10 3 --0 05 
25 1 --0 04 
31 5 -0  03 
41.3 -0  02 
48.2 0 00 
56 3 0 05 
64 3 0 35 
68 5 0 54 
68 9 0 63 
69 0 0.73 
69 3 1.00 
1 00 
1 00 
1.00 
1 00 
1.00 
1 00 
1,00 
0 94 
0.84 
0 78 
0.68 
0 00 
# 
070 
10.4 
24 2 
30,6 
40.5 
47 2 
55.1 
63.0 
65.9 
66.3 
66 4 
66 6 
Curve 2 
--0.09 
-0 .09  
-0  08 
-0 .07  
-0 .05  
-0  02 
0.04 
0.22 
0 41 
0 64 
0.74 
1.00 
0 99 
0.99 
0 99 
1 00 
1.00 
1.00 
1.00 
0 98 
0,91 
0 77 
0.67 
0 00 
070 
90  
20 8 
26,2 
34 2 
39,6 
45.3 
50 5 
52,4 
52.5 
52 7 
52.8 
Curve 4 
d 
-0 .16  
-0  16 
i -0,14 
-0 ,13  
-0 .09  
-0 ,06  
0,06 
0,30 
0,63 
0,71 
0 79 
1 00 
0.98 
0.99 
0,99 
0 99 
1,00 
1.00 
1 O0 
0,95 
0,78 
0.71 
0,61 
0.00 
Curve 3 
~ d f 
07 070-0 .13  0.99 
10 7.7 -0 . ]3  0.9 
20 15.3 -0 .12  0.94 
30 22.6 -0  10 0.9~ 
40 29 6 --0.07 1,0( 
50 36 4 --0.02 1.0( 
60 41 7 0 07 1.01 
70 46 3 0.22 0.9: 
80 49 2 0.49 0.87 
85 50 0 0 70 0.71 
88 50 2 0 87 0.5C 
90 50 3 1 00 0.0( 
TABLE 3 
SQUARE ROOTS OF ENERGY RATIOS FOR INCIDENT SV WAVE, IF Vi=V2, vi=v2, pi/p2=l.1, ~'=~ 
(fl= angle of incidence of SV; a= angle of incidence of P waves.) 
0 ° 0' 0 ~ 
5 45 ]4 
11 23 20 
16 46 45 
30 0 0 
34 0 0 
35 0 0 
35 15 0 
35 15 47 
35 15 51 
35 15 51 
35 15 51 8 
35 15 51 8 
35 30 0 
45 0 0 
89 0 0 
90 0 0 
0 ° 0' 0 ~ 
10 0 0 
20 0 0 
30 0 0 
60 0 0 
75 35 5 
83 27.0 
88 29.4 
89 30 0 
89 50 0 
89 59 0 
89 59 59 
90 0 0 
Square root of energy ratio (to incident energy) for 
P refl. 
0 000 
+0 014 
+0 026 
+0 036 
+0.048 
+0.047 
+0,053 
+0,089 
+0,146 
+0,239 
+0.494 
+0 163 
+0 000 
S refl. 
+0.048 
+0.046 
+0.040 
+0.032 
0 000 
--0 011 
-0  014 
--0.009 
+0.005 
+0,042 
+0 370 
+0 973 
+1.000 
--0.017 
--0.048 
--0.047 
+1.000 
P t rnnsm.  
0 000 
-0  001 
-0.003 
-0.001 
0,000 
+0 011 
+0 028 
+0 076 
+0.137 
+0 231 
+0 485 
+0.160 
0.000 
S t ransm.  
--0.999 
--0 999 
--0.999 
--0 999 
--0 999 
--0.999 
--0.998 
--0.993 
-0.980 
--0.942 
--0 620 
--0.027 
0 000 
--0 9999 
--0 999 
--0.999 
0 000 
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the main feature, the large changes when a approaches 90 °, are connected with a 
very small variation of ft. From the data it is clear that similar rapid changes in the 
values occur after the passage of the critical angle, and also when fl approaches 90 °. 
The angle of incidence for which the rapid changes occur depends only on Pois- 
son's ratio, which is necessarily the same in both layers since the velocities of longi- 
5..~ t~- 4"o" 6o" ~b" ~ 1  ~,~lit ~
/ , . ~ ,Z~% p j .  i -z . ] 
- / ' , .~  '~  .-- ' ,-.  '/il 
i /  ",, t 
7 ! , \  r ,~ ;.. .'~..;'~.~-~/i',', 
'!/ ' \  II "~ I  .~  ~,.,., 
if-- 
i ° , , ,  ..... . . . , _ ' , x  i' ,z :.r0 . , .<,o. . .  ' .k _ 1 .¢>. . '  
..... " ' " 'X  'if o k_ , - -  , . , ,  .,so - tl> - -~- ENER6Y ~ ~" 3 . . . . .  .?il .239 -~ 1[ E ' ~%%~ + ..... "+ '°  . . . .  - ZI  sv  ,.-+,.E., - ,+&J "+7i,'. :'~ +O,+" 
,,~-I J : - I  .o. 
Fig. 3. Ratio of horizontal (u) and vertical (~) ground displacements to incident, amplitude at 
the surface of the earth, and square roots of ratio reflected to incident energy as function of angle 
of incidence i for various velocity ratios Vp (longitudinal) to Vs (transverse) and corresponding 
Poisson's ratio ~. Note that scales in insert, b, differ from those in the main figure. 
TABLE 4 
SQUARE ROOTS (ABSOLUTE VALUES) OF THE RATIO OF ENERGY d IN" l~EFLECTED AND f IN TRANS- 
MI'I~ED SH WAVES TO THE ENERGY IN. THE INCIDENT SH WAVE, IF THE VELOCITY 
OF TRANSVERSE WAVES IS THE SAME ON BOTH SIDES OF TI-IE DISCONTINUITY 
Density ratio . . . . . . . .  1.00 { 1.05 1.10 1.15 1.20 1.3 1.5 2.0 5.0 
0.052 0.000 0.870 0.833 0.769 0.007 0,5 0.2 0700 
Reflected (d) . . . . . . .  0.000 0.02d~ 0.048 0.070 0 091 0 130 0 200 0 333 0 667 1.00 
Transmitted (f) . . . . .  l 1 000 0 9997 0.999 0.998 0 996 0 991 0.980 0 943 0 745 0 
tudinal and transverse waves are respectively the same. If  the velocities on both 
sides of the discontinuity differ~ the curves for incident SV waves still show peculiari- 
ties of a similar kind (fig. 1, c and d) near the critical angle, which seem to exist 
also if there is no difference in density in the two layers (curves 3). In our special 
case (equal velocities on both sides) the changes in energy ratio near the critical 
angle occur the more rapidly with changing angle of incidence the smaller the 
difference between the two densities. 
I f  an SH wave is incident, the distribution of energy depends only on the ratio of 
the densities, not on the angle of incidence. Table 4 contains a few characteristic 
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TABLE 5 
CALCULATED SQUARE ROOTS c AND d OF  THE ENERGY RAT IOS OF  THE REFLECTED TO TI-tE ~NCIDENT 
ENERGY,  AND I :~ELATIVE GROUND DISPLACEMENTS U (HORIZONTAL)  AND 
w (VERTICAL) AT T~E SURFACE OF THE EARTH 
(Symbols as in section I I  a. For assumptions, ee figure 3.) 
a) Additional values for curves 1, figure 3, b. 
t~ 35 ° 36 ° 37 ° 38 ° 40 ° 45 ° 50 ° 63?4 70 ° 8U ° 
u 3.14 2,23 1 64 1.22 O. 66 0 O0 0 28 O. 53 O, 49 0 31 
w 1 31 1 54 1 60 1.60 1.55 1.41 1.29 1.09 0.90 0.52 
b) Additional values for curves 2, figure 3, b. 
37 ° 38 ° 39 ° 40 ° 42 ° 45 ° 50 ° 
u 2.09 1 45 1.04 0 74 0 35 0.00 0.29 
w 1.55 1.58 1.57 _1 55 1.49 1.41 1.30 
c) Values for curves 3, figure 3. For incident P waves ~ is angle of incidence, for incident SV 
waves f~ is to be used, and the values of c and d are to be exchanged. 
a ~ c 
5 ° 2 ° 55~3 --0 988 
{0 5 49.6 -0.952 
~0 11 31.9 --0 816 
~0 16 59 7 --0 612 
t0 22 04 2 --0.375 
30 26 36 1 , --0.142 
30 30 24.8 0.042 
35 31 59.4 0.100 
~0 33 19 l i  0 124 
~5 34 22 5 i 0.096 
~0 35 08 8 --0 016 
35 35 36 8 i -0  297 
)0 35 46 3 I --1.000 
0 155 
0 306 
O 579 
0 791 
0 916 
0 989 
0 999 
0 995 
0 992 
0 995 
0 999 
0 955 
0.000 
P inc ident  
it 
0 20 
0 41 
0 79 
1.14 
1.41 
1.64 
1.76 
1.77 
1 75 
1 66 
1.46 
1.03 
0 O0 
SV inc ident  
~z u 
1 99 2.00 0 12 
1 97 1 98 0,24 
1 85 1 93 0.46 
1 68 1 86 0,66 
1.45 1.75 0.82 
1 22 1.69 0 96 
0 98 1.7O 1.03 
0.86 1.73 1.03 
0 75 1.85 1.02 
O. 65 2.06 O. 97 
O. 52 2.46 O. 85 
0.35 3,28 0.59 
0.00 5.13 0.00 
37 ° 
38 
39 
40 
43 
45 
50 
60 
65 
70 
80 
SV inc ident  
2t W 
2.42 1.52 
1.60 1.57 
1.11 1.57 
0.78 1.55 
0.21 1.46 
0 00 1 41 
0 30 1 30 
0.51 1 12 
O. 52 1 02 
O. 50 O. 90 
0 31 0.52 
40 ° 
50 
60 
7O 
80 
85 
9O 
d) Values for curves 4, figure 3. Details as in c). 
22°47 '.1 
27 29 2 
31 27 1 
34 30 9 
36 23 7 
36 53 1 
37 03 0 
>37 03 0 
c 
--0.315 
--0 059 
0. 149 
0 254 
0 151 
-0  127 
- 1 000 
- 1 000  
0 949 
0 998 
0. 989 
0 967 
0. 989 
0 992 
0 000 
0 000 
P incident 
t~ ~ it 
1.47 1 44 1.73 
1 69 1.19 1 64 
1.83 0.93 1 59 
1 85 0.71 1 71 
1 61 0.50 2 31 
1 21 0.35 3 23 
0.00 0.00 5 83 
SV incident 
w 
0 88 
1 O2 
1 10 
1.11 
0.97 
0 73 
0.00 
SV incident 
s w 
~9' 1.42 1.56 
t0 O. 93 1 55 
tl O, 64 1 52 
t2 O, 40 1.49 
5(~ 0 31 1.30 
~C 0,52 1 12 
1¢ 0 50 0.88 
~£ 0.31 0 51 
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values. For an angle of incidence of 0 ° these are the same as for SV waves, and, to- 
gether with the special results in section I Ib  and table 3, may be used to draw 
curves giving a first approximation of the energy distribution in all instances. 
§ I I I  e) Results referring to reflection at the surface of the earth and to the ratio of 
ground amplitudes to the amplitudes of the arriving waves.--A few data on the energy 
distribution for waves reflected at the surface of the earth were given by Knott. 
(1899). Other sets of data and corresponding values for the ratio of ground ampli- 
tudes to the amplitudes of the incident waves were calculated by Gutenberg (Zoep- 
pritz, Geiger, and Gutenberg, 1912; Geiger and Gutenberg, 1912) and by Jeffreys 
(1926, p. 327). 
In figure 3, curves corresponding to four values of Poisson's ratio are reproduced. 
The data for curve 1 were taken from the older calculations of the author, those for 
curve 2 from Jeffreys (1926); for both, a few additional'points were calculated 
(table 5, a and b), especially where large changes are indicated in figure 3, b. All 
points on which curves 3 and 4 are based were newly calculated to 5 places by the 
author (table 5, c and d). In addition, the special results mentioned in section 
II c were used. Most of the important features have been discussed by Jeffreys. 
The peculiar behavior of w near the critical angle in figure 3, b, seems to have escaped 
attention hitherto. 
For an incident SH wave, all the energy is reflected into an SH wave, the hori- 
zontal ground displacement is always twice the amplitude of the incident wave, and 
the vertical displacement always zero regardless of the angle of incidence or Poisson's 
ratio. 
§ IV. SUMMARY 
The investigation ofamplitudes of elastic waves passing through layers of the earth, 
either in earthquakes or from artificial explosions, requires a knowledge of the dis- 
tribution of energy at points of reflection or refraction, and also of the ratio between 
the amplitudes arriving at the surface of the earth and the displacements of the 
ground there. Some fundamental theoretical problems involved are discussed (sec- 
tion II) and typical curves for the quantities mentioned are given (section III). 
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